Abstract -In this paper, the a priori estimates of stability in the energy and the uniform norms are proved for the monotone and conservative difference schemes approximating elliptic equations with mixed derivatives. The estimates are obtained without any assumption about the symmetry of the coefficient matrix of the initial differential equation.
Introduction
For mathematical modelling of various physical processes, models including equations with mixed derivatives are often used. Equations with mixed derivatives describe the heat distribution in anisotropic media, fluid flows of underground water, dynamic behavior of shape memory alloys, etc. Moreover, mixed derivatives appear while introducing new variables in order to convert the initial domain into a domain of a simpler shape. For example, if we consider the numerical methods for the classical Laplace and Poisson equations in domains of complex shape and on arbitrary nonorthogonal grids, it is natural to convert the domain of definition into an n-dimensional parallelepiped with an orthogonal uniform grid. To do this, a change of variables is used. The initial equation in the new variables contains mixed derivatives.
For solving numerically the above problems it is important to develop monotone and conservative finite-difference methods. Note that the monotone schemes (schemes that satisfy the grid maximum principle) have some remarkable properties. First, from the maximum principle the nonnegativity of the approximate solution follows for nonnegative input data. This fact is very important for obtaining the physically correct solution. Second, the maximum principle is used to investigate the stability and convergence of difference schemes in the uniform norm. Unlike the method of energy inequalities, the maximum principle allows us to obtain a priori estimates in the norm C for problems of any dimension. Third, as a result of the realization of monotone difference schemes, we have well-conditioned systems of linear algebraic equations because the elements of their matrices satisfy the property of diagonal domination. For computations it is desirable to use the schemes that satisfy not only the property of monotonicity, but also the property of conservativeness. Note that basic differential equations occur from the appropriate conservation laws. The method of finite differences means the conversion from a continuous model to a discrete one. It is natural to require that the conservation laws should be true in such a transformation. Difference schemes that express the conservation laws on a grid are called conservative. At the same time the conservation laws for all grid domain should be an algebraic consequence of the difference equations. The use of conservative difference schemes is essentially effective for solving problems on coarse grids in domains of heavy gradients.
Conservative difference schemes for equations with mixed derivatives were proposed by A. Samarskii, V. Andreev, I. Fryazinov, E. Dyakonov [1, 4, 5, 10, 11] . In the later papers by A. Samarskii, P. Matus, G. Shishkin [12] [13] [14] for elliptic and parabolic equations with mixed derivatives the monotone finite-difference methods were developed on the basis of two conservative schemes [10; p. 267] . Unfortunately, the constructed numerical algorithms satisfied the properties of both monotonicity and conservativeness only if the coefficients at mixed derivatives were either positive or negative in the domain considered. In the case where the coefficients change their signs, the regularization principle was used for the development of the monotone schemes. After such a transformation the property of conservativeness was lost. In this connection it is important to develop methods that are both monotone and conservative.
Note that the difference schemes for equations of mathematical physics with mixed derivatives were also developed and investigated in the papers by P. Crumpton, G. Shaw, A. Ware [3] , S. McKee, A. Mitchell [7] , T. Arbogast, M. Wheeler, I. Yotov [2] , I. Rybak [8, 9] and others. Note that in investigating the conservative difference schemes by the energy inequalities method the assumption about the symmetry of the coefficient matrix {k αβ } is usually used.
In the present paper, a priori estimates of the stability of the difference schemes for multidimensional elliptic equations with mixed derivatives are obtained in the norms of the Sobolev space W 1 2 and in the grid norm C. The estimates are proved using the energy inequalities method and the grid maximum principle without any assumption about the symmetry of the coefficient matrix of the initial differential equation. The developed numerical algorithms satisfy the properties of both monotonicity and conservativeness in the case of sign-alternating coefficients at mixed derivatives.
Statement of the problem
We consider the following boundary-value problem in the n-dimensional parallelepipedΩ∪∂Ω,
Let the coefficients and the right-hand side of equation (2.1) be continuously differentiable and continuous functions respectively
and the operator L be rigorously elliptic
Then it is natural to suppose that the solution of the boundary-value problem belongs to the space C
2
(Ω) ∪ C(Ω). Such a solution is called the classical solution. Note that we do not suppose that the matrix of the coefficients is symmetrical k αβ = k βα . Under such an assumption the operator L is not self-adjoined. Using the maximum principle [6] , for the solution of problem (2.1), (2.2) it is not hard to obtain the estimate
Suppose that the boundary-value problem has a classical solution and multiply equation
Using the integration by parts, we obtain
Equation (2.4) is called the weak form of equation (2.1).
Let us remark that the weak form can be defined under the weaker assumptions 
Difference schemes
To develop difference schemes, it is important to save the properties of both monotonicity and conservativeness (divergence). Note that the requirement of conservativeness of the scheme provides its convergence in the class of generalized solutions, while the property of monotonicity (satisfying the grid maximum principle) allows us to obtain systems of algebraic equations with well-conditioned matrices.
In the parallelepipedΩ we consider the uniform gridω h = ω h ∪ γ h :
where ω h is a set of inner grid nodes, γ h is a set of boundary grid nodes. Further, we use the following notations of the theory of difference schemes [10] :
We can approximate the differential operators with mixed derivatives
by the following difference operators [10; p. 267]:
which are defined on the seven-point stencils.
It is easy to show that the grid operators Λ ± αβ for a quite smooth solution u and input data approximate the differential operator L αβ of the second order
There is one more approximation of the operator L αβ of the second order [11; p. 175]
Note that difference schemes for elliptic and parabolic equations developed by means of approximations (3.1)-(3.3) do not satisfy the grid maximum principle in the case of signalternating coefficients at mixed derivatives. In their papers, A. Samarskii, P. Matus, and G. Shishkin [12] [13] [14] developed monotone schemes, but the property of conservativeness of the proposed schemes was lost. Further, for multidimensional elliptic equations with sign-alternating coefficients at mixed derivatives the conservative difference schemes satisfying the grid maximum principle have been developed.
On the uniform gridω h considered in the domainΩ we approximate the differential problem (2.1), (2.2) by the difference scheme
where Λy = n α, β=1
Let us investigate the error of approximation of the developed difference scheme. Suppose that the coefficients k αβ (x) and all their derivatives up to the third order are bounded, and all partial derivatives up to the fourth order of the solution u(x) are bounded; then taking Taylor expansion of the functions Λ αα u, α = 1, n, in the neighborhood of the point x ∈ ω h , we have
We show that the grid operator (3.6)-(3.8) approximates the differential operator L αβ , α = β of the second order. Taking Taylor expansion of the functions Λ αβ u, α = β, in the neighborhood of the point x, we obtain
Using the inequality ||a + b| − |a − b|| 2|b|, we have
Hence, the difference operator Λ αβ approximates the differential operator L αβ of the second order
We will require that the functionals d(x), ϕ(x) satisfy the following conditions:
Hence, the difference scheme (3.4), (3.5) approximates the differential problem (2.1), (2.2) of the second order. Note that operator (3.7) is equivalent to the following difference operator:
(3.10)
Operator (3.10) is written in nondivergent form, but it is equivalent to the divergent operator (3.7), and from formula (3.10) it is easy to see the second order of approximation
Method of energy inequalities
In this Section, a priori estimates of the stability of the difference scheme (3.4), (3.5) 
On the grid ω h we consider the following scalar products and norms
where ω 
Lemma 4.1 (Formulas summation by parts [10]). For any grid functions u(x), v(x), which are posed on the uniform gridω h and vanish on the boundary u(x) = v(x) = 0, x ∈ γ h , the following equalities hold true:
In expression (4.3), we consider the scalar product −(Λy, y) and use the formulas summation by parts (4.4), (4.5). Taking into account formulas (4.1), (4.2), we get
Taking into account yx β = 0, y x β = 0 for x α ∈ γ h , α = β, and the identities
we rewrite equality (4.6) in the form
Taking into account the ellipticity condition (2.3) in equality (4.7), we estimate the expression
(4.8)
Suppose that
Then the expression
in formula (4.7) can be estimated under the Cauchy inequality
in the following way: 
we obtain the estimate
Using estimates (4.10), (4.11), we get the inequality
Substituting estimates (4.7)-(4.9), (4.12) into formula (4.3), we get the inequality
(4.14)
From the ellipticity conditions (2.3) it follows that
We will require the grid step h to satisfy the condition
Then inequality (4.14) can be rewritten in the form
Using the generalized Cauchy-Bunyakovsky inequality
where the positive self-adjoint operator A = A * > 0 is defined by the formulas 
The maximum principle
To obtain a priori estimates of the solutions for the difference elliptic and parabolic equations in the C norm, the grid maximum principle is used. The maximum principle is true for the grid equations of the general form
where
is a stencil of the difference scheme. In the case of the first boundary-value problem, we have
We say that at the point x ∈ ω h the conditions of positivity of the coefficients of the canonical form (5.1) are satisfied in the case that
Let us consider the following grid norms: 
The difference schemes that satisfy the maximum principle are called monotone schemes.
Let us show that the developed scheme is monotone. We rewrite the difference scheme (3.4), (3.5) in the canonical form
The coefficients of the canonical form are
It is easy to see that the coefficients B αβ 0, C αβ 0, D αβ 0, E αβ 0 are nonnegative without any limitations. The conditions of positivity of the coefficients F α 0, G α 0 are the following:
Let us find the cases where inequalities (5.7) are satisfied. Suppose that the coefficient matrix K = {k αβ } n α,β=1 of equation (2.1) is diagonally dominant with respect to lines and rows 
Hence, the difference scheme (3.4), (3.5) satisfies the grid maximum principle, i.e., it is monotone. We obtain a priori estimates of stability and convergence of the difference scheme (3.4), (3.5) in the grid norm C by means of the grid maximum principle. To prove that the solution continuously depends on the right-hand side and the boundary conditions, we use Theorem 5.1.
Thus, the following statement holds true. 
Let us investigate the convergence of the proposed difference scheme. Substituting the expression y = z +u into formulas (3.4), (3.5), we get the problem for the error of the method Λz − dz = −ψ, x ∈ ω h , z = 0, x ∈ γ h . (5.8)
Here ψ = Λu − du + ϕ is the error of approximation of the difference scheme (3.4), (3.4) for the differential problem (2.1), (2.2). In Section 3, it was shown that the difference scheme (3.4), (3.5) approximates the differential problem (2.1), (2.2) of the second order. Hence,
where M > 0 is a positive constant, which does not depend on the grid steps h 1 , . . . , h n . Using theorem 5.2 for the solution of problem (5.8), we make sure that the following statement is true. 
Conclusions
In this paper, difference schemes of the second order of approximation for multidimensional elliptic equations with mixed derivatives have been developed. A priori estimates of the stability in the grid norm C and in the norm of Sobolev space W 1 2 have been obtained. The estimates are proved by means of the grid maximum principle and the method of energy inequalities without any assumption about the symmetry of the coefficient matrix of the initial differential equation. The proposed numerical algorithms satisfy the properties of both monotonicity and conservativeness in the case of sign-alternating coefficients at mixed derivatives. In her paper, I. Rybak [8] gives the appropriate numerical experiment confirming the theoretical results.
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